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Techniques and Spectral Analysis 
Volker Mueller-Benedict∗ 
Abstract: From 1830 till 1990 there were four historical 
phases of overcrowding at German universities. To investi-
gate these periods of overcrowding members of the research 
project entitled "Qualifikationskrisen" collected data on 
student populations in various disciplines at all German 
universities. Research members then used this data to create 
160-year-long time series that demonstrate the impressive 
growth and cyclical behavior of Student populations at 
German universities. But to evaluate the number and the 
length of the cyclical components present in these time se-
ries 1 had to use notch filtering and Spectral analysis. Using 
these tools I detected the same two overlaying cycles in 
each time series, a longer cycle that is 35 – 40 years in 
length and a shorter cycle that is 13 – 18 years in length and 
is only present in the data from the twentieth century. In the 
following presentation I will present and discuss the mean-
ing of these cycles. 
Sections: 
1. Data: the stock of the time series 
2. The problem and the research question  
3. Trend elimination using notch filtering  
4. The results of the spectral analysis 
5. A discussion of the meaning of the cyclical components 
1. Data: the stock of time series 
The data, which will be presented in this study, was collected over a period of 
more than ten years by the members of a research project entitled "Qualifica-
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tion Crises and Educational Changes in the Higher Education Systems of Ger-
many and Prussia from 1820 to 1945", short "QUAKRI". The first reason to 
collect data was the hypothesis that the overcrowding crisis in German univer-
sities from 1885 – 1890 was manipulated and augmented by the conservative 
Prussian government to prevent members of the lower social classes from 
studying and to restore the social exclusivity of the Prussian universities 
(Herrlitz/Titze 1978). This crisis had a large impact on the public discussion 
surrounding academic education and culminated in references to a growing 
"academic proletariat". During a great debate in parliament the Prussian minis-
ter of culture, Gossler, asked, with the acclamation of the conservatives, "how 
many students are necessary to maintain the size of the governing classes?" 
Then, a secret prognosis of student enrollments, which had been made by the 
economist Wilhelm LEXIS, was used to successfully push through political 
measures designed to diminish student populations. But all of these efforts 
were unsuccessful and alter a short cyclical recession, student populations grew 
at a much faster rate than they had beforehand (Mueller-Benedict 1991:11 f). 
Therefore it became clear that the dynamic of the process that led to over-
crowding was independent of political influences. As well, the hypothesis that 
the overcrowding crisis was manipulated by particular interest groups, Gould 
not be sustained. Therefore further investigations into the nature of the self - 
generated dynamics present in the time series were necessary. As a result of 
these investigations the project team was able to publish a complete stock of 
data on the changing number of students for all subjects at all universities. This 
data, together with other interesting information such as the age, sex, and social 
or class Background of the students, has been published in two books (Titze 
1986, 1993).1 
2. The problem and the research question 
The majority of the time series Show impressive growth and cyclical behavior. 
For example, figure 1 shows four graphs that represent the four primary fields 
of study – theology, law, medicine and "education science" – at all German 
universities. The maximum and minimum points of the graphs correlate with 
the historical dates of political conflicts or public debates about overcrowding 
and the lack of professionals. But the cycles vary in length and do not maintain 
the same shape over time. Therefore a statistical time series analysis had to be 
carried out, with the following research questions 
1) What are the main cyclical components? 
2) Which changes were produced by the composition and the length of the 
cyclical components over time? 
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3) Which parallels can be drawn between the length of the detected cycles 
and the length of specific historical characteristics and or developments 
in the German and Prussian educational systems? 
Figure 1: Student populations of the four primary fields of study in Germany 
1830-1945 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3. Trend elimination and notch filtering 
After a first inspection of the time series it became clear that we could expect 
cycles to be up to 40 years in length. This means that the second goal, detecting 
changes in cycle lengths during the 120-year-long time series, cannot be relia-
bly achieved. This is because there are only two or three cycles within this 120-
year time period. So the first decision that had to be made was to extend the 
time series up to the present day and as far into the past as possible. The geo-
graphical, cultural and political space of the German Empire remained largely 
stable from 1830 to 1940, but the Federal Republic of Germany only possessed 
a part of the German Empire's former territory until 1990, so extending the time 
series could be a problem. But the German educational system, which builds 
the basis for the time series, has remained quite stable since 1830 and changes 
and developments in Germany's educational system took place simultaneously 
throughout Germany2. Therefore, if we ignore the socialist school system that 
was introduced in the former German Democratic Republic, it is clear that, in 
comparison to other social institutions, Germany's school system has remained 
fairly stable over a period of 160 years. 
This stability in the German school systems allows us to suppose that the 
basic mechanisms that generate the time series are the same in the former Ger-
man Empire and the Federal Republic of Germany. Therefore we are able to 
connect the time series from the German Empire, which last till the end of 
World War II, with the time series from the Federal Republic of Germany. As 
well, most of the universities of the German Empire are still present in the FRG 
and the average student populations have remained nearly the same. Further-
more, since Prussian data is available since 1820, our time series for the field of 
education can be extended into the past if we connect the Prussian series with 
60% of the data from the Federal Republic of Germany. Thereby we were able 
to create four extended time series that represent student populations in the four 
primary fields of study from 1820 till 1990 (figure 2). 
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The inherent trend that prevents us from seeing much cyclical behavior is eas-
ier to perceive in these graphs with extended data than in previous graphs that 
only included data up to 1940. This inherent trend, namely, growth in the size 
of the higher educational system, can be understood by turning to theories of 
inclusion or growth in the sciences for example. But theories such as these 
cannot be used to design a quantitative model of increases in student popula-
tions at German universities. Therefore the elimination of a trend is more of a 
technical problem, namely the problem of finding a suitable filter, since none 
of the specific smooth trend functions have an empirical basis. 
To find a suitable filter for trend elimination we first have to decide which 
model underlies the time series being considered. Two alternatives are an inte-
grated ARIMA-model and a component model consisting of a trend and a 
cyclical component. In this case the decision is simple: a component model 
should be used, because we believe that there are social conditions that only 
generate cycles and other social conditions that only generate growth in student 
populations. Furthermore, we know that these two social forces can be sepa-
rated. Therefore we can conclude that it is not necessary to specify the parame-
ters of an approximate ARIMA-model. Instead, we have to choose a suitable 
linear filter that can extract specific frequencies. This filter has to be a high-
pass-filter, which suppresses the long frequencies contained in the time series. 
As a result of research and development, especially in the field of economet-
rics, several high pass filters are available that suppress long frequencies and 
are very useful for trend elimination, the now widely used Hodrick-Prescott-
Filter for example (hetz 1996). But since all of these filters have their specific 
advantages and disadvantages, it is difficult to determine which filter is the best 
for a specific problem. The filter I selected is the notch filter, a filter that is less 
commonly used, but still just as good as these that are used more often (Cad-
zow 1973, Schulte 1981). 
The notch filter transfers all frequencies of the original times series without 
changing them, but at a single pre-set frequency there is a notch in the transfer -
function. Ideally, this notch ensures that a single frequency is not transferred to 
the output time series. If you set this notch at frequency zero, only non cyclical 
elements will be removed, meaning, of course, that only the trend will be 
removed from the time series. 
The notch-Filter has three poles and their locations determine the width and 
shape of the notch. The width should be close or equal to the inverse of the 
length of the time series, so that all cycles shorter than the complete length of 
the time series can pass through the filter without being changed. Under these 
conditions the these poles of a filter with a notch at frequency f are located at 
p1,3 = cos( 2πf ) - d cos ( 2πf ± α) + i sin (2πf) - d sin (2πf ± α) , 
p2 = (1-d) cos ( 2πf ) + i (1-d) sin ( 2πf )   (1)  
d and α = polar coordinates of the filter in the complex plane. 
 
In order to install the notch filter into a computer program, each pole is treated 
as a single filter so that the time series will pass through a cascade of three 
filters 
 
Yj (t) = bj ( yj-1 (t) – 2 cos (2πf) yj-1 (t-1) + yj-1 (t-2)) + 
2 Re pjyj(t-1) - |pj|²yj(t-2)     (2) 
 
 
For j 0 1,2,3, b1 = b2 = 1, b3 = constant for normalization. In order to widen the 
gap of the notch, this filter is used twice. The first time the filter is used, the 
notch frequency is set at 0 and the second time the filter is used f is an 
equivalent to half the width of the first notch. This procedure results in the 
transfer function within the domain of the amplitudes of figure 3. 
 
The small hill at the ground of the notch represents the rest of the left side of 
the second filters notch. The filter does a good job of suppressing all 
frequencies from zero to 0.01 = 100 years and does not change frequencies that 
are shorter than 0.013 = 77 years. One reason why this filter has limited 
application in the social sciences may be that it shifts the phase of the longer 
cycles. The transfer function in the phase domain results in figure 4. 
 
 
This image shows that a cycle with a length of 30 years, for example, will 
experience a phase shift of about 20% after filtering. This means that in the 
output time series of these cycles the peaks will appear 6 years later. 
If we use a component model, the time series are transformed into loga-
rithms before they are filtered. This is necessary because the underlying trend 
changes the amplitudes of the cycles multiplicatively. Therefore, in this case, 
overcrowding at German and Prussian universities should not be measured in 
absolute terms, but in relative terms, since overcrowding is part of a long-term 
trend. So, to remove the trends from the four primary fields of study the data is 
transformed into logarithms and filtered using the notch filter just described. 
This process results in four stationary time series (figure 5). 
Here we can see the effectiveness of a notch filter; the trend has been re-
moved and the cycles have been restored. The same is true even at the ends of 
the time series where the cycles are most effected by trends. If you take a closer 
look you can even see the phase shifts of some of the longer cycles, during the 
years between the first and second World Wars for example. 
 
 
 
4. The results of the spectral analysis 
The long-term cyclical behavior of the filtered time series seems to be irregu-
lar. After closer inspection it becomes clear that the cycles are between 35 and 
10 years in length. A mixture of cycles seems to be present, meaning that the 
single elements of these mixtures have to be isolated. To do this we use spec-
tral analysis in order to separate single frequency components. Because I am 
interested in changes in the cyclical structure of the series, the time series will 
be analyzed in parts. But how should the time series be divided? Because the 
length of the whole series encompasses 168 data points and the length of the 
longest expected cycle is nearly 40 years, the only possible way to divide the 
time series is to divide it into two parts, each about 80 years in length. In this 
case, two of the longest cycles, which are about 40 years long, can be contained 
in one series so that they can be detected faultlessly. 
Because of the technical limitations of spectral analysis, only a very crude 
separation of the frequencies is possible under these conditions. The base fre-
quencies of the analysis are 1/84, 1/42, 3/84, 1/21, 5/84, etc... 
This means for example that with a spectral window of length 7 we were not 
able to separate cycles that are 84 years long from cycles that are 13 years long. 
Therefore, we have to use a spectral window of length 3, if we want to separate 
cycles in our empirical data that are 42 years in length from those that are 21 
years in length. 
To demonstrate the best possible results under these conditions, I first con-
ducted a spectral analysis with simulated data. This data was generated using 
an AR(2) and an AR(4)-process 
 
 
y(t) = 1.85y(t-1) - 0.95 y(t-2)     (3) 
y(t) = 3.5775y(t-1) - 4.9987y(t-2) + 3.2287y(t-3) - 0.8145y(t-4) (4) 
 
The theoretical spectrum of such processes can be obtained using calculus. The 
first series has peaks at a frequency of 0.0426 or 23.5 years and the second 
series has peaks at a frequency of 0.033 or 33 years and at a frequency of 
0.0713 or 14 years. The spectra can be seen in figure 6. 
 
 
 
Then I generated 390 and 80 data points by using the formula of the AR-
processes just mentioned and calculated their spectra by using the spectral 
analysis parameters already mentioned (figure 7). 
By comparing the theoretical spectra with the spectra of the simulated data, 
you can see that the peaks of the spectra of the simulated data Set have been 
shifted to the basic frequencies of the spectral analysis. For example, the theo-
retical peak with a frequency of 0.033 is moved to 0.024 and spreads out to the 
next basic frequency of 0.0375. These shifts Show us the limitations of long 
wave separation in short historical time series. But this simulation also Shows 
us that we can expect to be able to separate shorter cycles from cycles that are 
25 years or longer. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In table 1 these results are summarized. In the first row of this table the spectra 
of the unfiltered series for the field of evangelical theology are included. The 
inclusion of these spectra allows us to analyze the impact of the detrending 
procedure. An inspection of the table leads us to the following conclusions: 
 
1. One main cyclical component can be isolated in all series. This main cyclical 
component is between 26 and 41 years in length. In other words, this cyclical 
component has a length that is close to the second or third basic frequency, a 
length that cannot be isolated. Therefore this main cyclical component is about 
33 years long on average. 
 
2. The second cyclical component, which lies significantly above the white-
noise-border, only occurs in some of the series. If this cyclical component 
exists in the first half of the series, it has less spectral power than the longer 
cyclical component. Therefore we can conclude that this cycle emerges during 
the first half of the series. The second cycle is between thirteen and 19 years in 
length, has an average frequency of 15 years, and can be well separated from 
the longer cycle. 
 
3. A comparison of the spectra of the raw and filtered theology data Shows that 
the filtereng process does not harm the theology data. The peak of the longer 
cycle has been shifted, but this shift lies within the width of the spectral win-
dow and stems from the spectral mass with a frequency of near zero, a fre-
quency that was completely removed by the filter, but exists still in the raw 
data. 
Table 1: Frequency and power of the main cyclical components of time 
series of students of the four primary fields for two time areas (Mueller-
Benedict 1991:219) 
Career/time Cycle length Power Varian.
 1. peak 2. peak 1. peak 2.peak  
Prot.theology not filtered 
1831-1908 263 - 15.8 - 13.4 
Prot.theology not filtered 
1909-1986 78.0 15.6 18.6 17.7 16.2 
Prot.theology 
1831-1908 26.3 - 18.4 - 15.5 
Prot.theology 
1909-1986 38.4 15.6 19.5 19.7 17.3 
Law 
1831-1909 26.3 13.0 17.2 15.5 14.5 
Law 
1909-1986 26.3 13.0 19.4 16.7 16.9 
Medicine 
1831-1908 26.3 11.2 16.8 15.5 14.6 
Medicine 
1909-1986 26.3 15.6 18.6 18.5 16.2 
Education 
1820-1903 41.6 20.8 17.9 17.6 15.5 
Education 
1904-1986 41.6 15.6 19.0 18.8 16.8 
In summarizing these results, we can conclude that the shape of each of the 
four time series, which represent the four primary fields of academic study, are 
primarily dominated by two cycles: a longer cycle covering a period of about 
33 years, and a shorter cycle covering a period of about 15 years. Additionally 
we can conclude that the shorter cycle came into being during the second half 
of the 19th century. 
These results lead us to pose the following question regarding the meaning 
of these cycles: what kind of structural conditions can lead to these two special 
cycle lengths? To find an answer to this question we first analyzed the typical 
career paths as well as the institutional contexts and regulations governing the 
careers of individuals who received a degree in one of the four primary fields 
of study. 
During the first half of the time period considered, all the professions we 
considered in this study gained autonomy. The prerequisites and exams re-
quired for entry into a given career were prescribed and the full turn of a career 
cycle was regulated. In fact, the careers of teachers and vicars were organized 
by central institutions. In this sense their careers were as strictly organized and 
regulated as the careers of civil servants such as judges and public prosecutors. 
Physicians, on the other hand, organized themselves by means of a their own 
central institution, which regulated the number of medical offices, thereby 
guaranteeing physicians lifelong employment. One of the consequences of 
these regulations was, and this has not changed till recently, that very few 
people dropped out of one of these professions before they reached the pre-
scribed retirement age. This meant that all people who got a job in one these 
professions retained their position during their entire working life, and people 
who finished their studies during times when there were few chances for em-
ployment, ended up waiting a long time to get one of the few available posts. 
Based on these fact we would expect that the length of time which a typical 
professional spent working in one of these careers would be a structural con-
stant and would be present in the time series. Since the typical career of a Pro-
fessional began between the ages of 25 and 30, following studies at a university 
and internships, and lasted until retirement between the ages of 60 and 65, this 
"structural constant" would be between 30 and 40 years long. But how would 
career length lead to peaks in the time series? To answer this question we col-
lected data on some of the age structures present in the four primary profes-
sions (Titze/Nath/Mueller-Benedict 1985). This data provided us with the fol-
lowing figure 9. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Here you can see that there are waves in the age structures that pass through the 
entire time series. When one of these waves ends with retirement, new careers 
are started and a new wave begins. So the longer of the two cycles present in 
the four time series is a result of the changes that are caused by generational 
shifts. These generational shifts have such a large effect on the time series 
because the age structures in all four professions are very asymmetric and 
generate cycles of demand in each of the professions. For example, when the 
peak of this age structure reaches retirement age, the number of vacancies is 
very high, and when the peak approaches 45 years, the demand for new profes-
sionals is very low. Since a single typical career lasts between 30 and 40 years, 
cycles of demand are generated that last just as long. As well, changing cycles 
of demand cause cycles in student populations during the same time periods. 
Therefore the longer cycle, which is about 33 years in length, represents 
changes in demand as a result of generational cycles in all four professional 
careers. 
This mechanism that generates cycles obviously works best in a stable ca-
reer in which the number of jobs remains stable over time and demand for 
workers is only a result of the need for replacements following retirements. The 
only career that fulfills these conditions is protestant theology. Additionally, if 
there is demand for an increase in the number of professionals in a given ca-
reer, the long waves of this career's age structure will be disturbed. As a result, 
these long waves will not be as easy to discern as the long waves in the age 
structures of stable careers. 
But how we can explain the presence of shorter cycles, especially their 
emergence after the foundation of the second German Empire? Economic 
analyses of market supply and demand tell us that we can expect cycles in 
supply and demand for goods that take a long time to produce. This means that 
some goods are only available a while after the demand for these goods has 
been established. As a result, there are alternating periods of surplus and short-
age because of the time lag between supply and demand. These cycles of sup-
ply and demand are more extreme if there is not a pricing mechanism that 
allows the price of a good to change in order to dampen lags in production. 
As for academic careers, waves are very stable in comparison to the prices 
of "normal" economic goods. As well, it often takes 8 years or Tonger to com-
plete the academic education necessary to become an academic professional. 
Therefore, in the market for academic professionals the conditions are such that 
cycles are likely to exist. Economic analyses also Show that cycle lengths in 
the academic market are twice as long as the production time, namely the time 
it takes to become an academic professional. That means that in academic labor 
markets we can expect cycles to be between 12 and 18 years in length. This 
length is exactly the same as the length of the second cycle we found in the 
time series. Therefore the second cycle is a typical supply cycle that is 
generated by a time lag between the decision to pursue an academic career and 
entry into an academic career, a time lag of about 15 years. 
Based on these results we can conclude that the overall shape of the time se-
ries is the product of a demand and a supply cycle. The demand cycle triggers 
the supply cycle, but because these cycles have different lengths, the effects of 
the demand cycle vary, resulting in both larger and smaller distances between 
the supply and demand cycles. 
The question left to answer is how the shorter supply cycles emerged. By 
using the time series of individual universities for which data is also available 
prior to 1800, we can confirm that the shorter cycles are not present before the 
first half of the 19th century. Why is this so? Well, economic modeling tells us 
that if supply cycles don't damp each other down and converge, the reaction 
must be of a quantity that exceeds demand. This principle allows us to con-
clude that shorter cycles can only emerge if social mobility is possible. In this 
case social mobility means that access to the education necessary to become a 
professional is not limited to members of social classes occupied by profes-
sionals. Historical events around this time provide us with another hint. During 
the first half of the 19th century, industrialization and modernization broke up 
the hierarchical order of society and the local isolation of economies, allowing 
social and regional mobility to grow. Then, increased social and regional mo-
bility allowed nationwide labor markets to come into being. Before these proc-
esses had begun, the populations available for recruitment into a professional 
career were not large enough to cause noticeably large supply cycles. There-
fore, from a historical perspective, shorter cycles are "modern" cycles that 
resulted from the increased importance of markets and individual freedom. 
Longer cycles, on the other hand, resulted from the social closure, or social 
immobility, that was typical in most societies prior to the mid 19`h century. In 
other words, until 1850 the demand for professionals was governed by the 
generational cycles of a profession's existing members. 
Thus far historical processes were described, and the question that arises is 
whether the processes will continue to generate cycles in the near future as 
well. This is a difficult question to answer for two reasons: The first reason is 
that in these research studies we let aside the nature of trend figure growth, 
which has dominated student populations, especially in the last 40 years. In 
fact, in Germany, and in other European countries as well, many people are 
debating the future of European educational systems, and the overall growth of 
the higher educational system will depend on the results of this debate. The 
second reason why it is difficult to answer this question is that the moderniza-
tion processes in our societies tends to dissolve social structures, especially the 
images of the professions. This is why a professional today is expected to con-
tinue his studies during his entire life and can no longer expect to remain in the 
same professional field after graduating from a university. This means that the 
generation cycle that dominated the shape of the time series in the past has now 
been weakened in many professional careers. 
Nonetheless, for some typical careers the generational cycle is still at play. 
For example, if we take a look at the age structure of German high school 
teachers during the last 40 years, we can see that in the next few years there 
will be a large increase in the demand for teachers (figure 10). This increased 
demand will be a continuation of the processes already described processes that 
have been at play for about 200 years; at least as far as the careers of high 
school teachers are concerned. 
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